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Travel-time-based tomography is a classical method for inverting sound-speed perturbations in an
arbitrary environment. A linearization procedure enables relating travel-time perturbations to
sound-speed perturbations through a kernel matrix. Thus travel-time-based tomography essentially
relies on the inversion of the kernel matrix and is commonly called “linear inversion.” In practice,

its spatial resolution is limited by the number of resolved and independent arrivals, which is a basic
linear algebra requirement for linear inversion performance. Physically, arrival independency is
much more difficult to determine since it is closely related to the sound propagating channel
characteristics. This paper presents a brief review of linear inversion and shows that, in deep water,
the number of resolved arrivals is equal to the number of independent arrivals, while in shallow
water the number of independent arrivals can be much smaller than the number of resolved arrivals.
This implies that in shallow water there are physical limitations to the number of independent travel
times. Furthermore, those limitations are explained through the analysis of an equivalent
environment with a constant sound speed. The results of this paper are of central importance for the
understanding of travel-time-based shallow water tomography.20@0 Acoustical Society of
America.[S0001-496600)01212-1

PACS numbers: 43.30.Pc, 43.60.RiML.B |

I. INTRODUCTION acoustic arrivals can be easily resolved for long-range propa-
gation. In shallow water the interaction of sound with the
Ocean acoustic tomography has been suggested in thgean boundaries plays an important role and time resolution
last two decades as a powerful tool for large-scale oceabf closely spaced arrivals is generally an important practical
temperature monitoring. In contrast with standard “local” jssue. As an example, Fig. 1 shows a typical shallow water
and “direct” methods, ocean acoustic tomography can bechannel impulse response estimate. It is clear from that fig-
used to remotely determine mean current and temperatuigre that initial arrivals are unresolved, while late arrivals are
evolution through time in an ocean volume bounded by avell resolved and “clustered” in quadruplets. From ray-
system of acoustic sources and receiérslravel-ime- tracing predictions it can be shown that most of the initial
based tomography has been widely used in the context afnresolved arrivals correspond to refracted and bottom re-
ocean acoustic tomography to invert for sound-speed pertuftected eigenrays, while the quadruplets correspond to sur-
bations of a backgrountteferencg profile!~> For instance,  face and bottom reflected eigenrays. An important feature in
tomographic inversion can be performed by linearizing thethis example is the significant number of resolved arrivals. In
integral relationship between perturbations in travel time andhe context of travel-time-based shallow water tomography,
continuous perturbations in sound speed. After linearizationand through linear inversion, it seems reasonable that those
the perturbations in travel time are related to a set of discretgyrivals should be used to achieve a high spatial resolution of
perturbations in sound speed through a kernel matrix, whickound-speed estimates. This would be the case providing that
depends on stable eigenrays of propagation. Sound-spegl the resolved arrivals are independent, i.e., that all the
perturbations can be estimated by calculating a generalizegcoustic arrivals that can be identified from one transmission
inverse of the kernel matrix and relating back the set okg another correspond to “pieces” of information indepen-
sound-speed perturbations to travel-time perturbations. Thigenﬂy related to the perturbation of sound speed. This as-
technique is sometimes called “linear inversion” and its sumption seems to be implicitly accepted in some of the
spatial resolutiorii.e., the number of depths at which sound- stydies concerning linear inversidf® Nevertheless, it is
speed perturbations can be reliably estimatedundamen-  shown in this paper that for shallow water the number of
tally limited by the number of resolved—and as we will seejndependent arrivals is in fact smaller, and in some cases
independent—arrivals. much smaller, than the number of actually measured—
Despite the significant number of references related tQggolyed—arrivals. This result implies that in shallow water
linear inversion most studies are limited to its application i”part of the acoustic arrivals carry redundant information and
deep water, where the effects of sound reflection on theerefore there are fundamental physical limitations to the
ocean boundaries can be, to a certain extent, neglected, afimper of independent arrivals. Furthermore, and most im-
portantly, this paper shows that the redundancy of shallow
dElectronic mail: orodrig@ualg.pt water stable arrivals can be explained through the compari-
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' ‘ ; ‘ order perturbation in travel time, while the path of the eigen-
ray is not affected by this perturbation. In this sehsecor-
responds to a stable eigenray an@nd Tio can be considered

as resolved travel time®r resolved arrivals It is clear that

oal , the number of perturbations in travel time should be equal to
the number of resolved eigenrays or, correspondingly, to the
number of resolved arrivals. By “collecting” a set @f per-
turbations in travel time and representing the acoustic wave-
guide as a system composed loflayers, one obtains the
following linear systent:
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) . ) considered in the following that there is a perfect match be-

FIG. 1. Typical shallow water short-range arrival pattern showing unre- . . .
solved(initial) and resolvedlate) arrivals: resolved arrivals are “clustered” tW€eN both .S!d(?s .Of the equation and the observations are
in groups of quadrupletgeal data, taken from Jeses al. (Ref. 6)]. fully deterministic(i.e., n=0).

Matrix E, dimensionTXL, is called the “kernel ma-

son of the original waveguide with an isovelocity equivalent.trix,” the & of which have the following structure:
Therefore, as a contribution to the general problem of acous- Asi; As;,  As,
tic tomography this paper presents the set of fundamental ¢=|-— e
requirements for successful tomographic inversion of acous- on Coz  Co
tic data in the context of travel-time-based shallow watelwhereAs;; stands for the length of rayinside layerj with
tomography. This paper is organized as follows: Sec. Il prei=1,2,..T andj=1,2,...L.. The choice of the number of lay-
sents a brief theoretical review of linear inversion. This re-ersL can be done in many different ways. In gendrais
view is used in Sec. lll to show, through simulations, that formade as large as possible and in practice it is often larger
deep water the number of independent arrivals is equal to theanT. Under this assumption af>T, Eq.(3) consists of an
number of measured resolved travel times, while in shallowunderdetermined system of equations that has more un-
water the number of independent arrivals is much smalleknowns than equations, and therefore has an infinite number
than the number of actually measured resolved arrivals. Thef solutions. Formally, the columns of matri form a de-
results of shallow water simulations are explained in Sec. I\pendent set and, in practice, there is also no guaranted that
through the comparison of the original acoustic waveguidgows of E are linearly independent, which is equivalent to
with an isovelocity equivalent, and conclusions are drawn insaying thatE may be rank deficient. In terms of the under-
Sec. V. lying problem of time delays and sound-speed perturbations,
rank deficiency means that not all resolved arrivals carry
Il. LINEAR INVERSION: THEORETICAL BACKGROUND independent sound-speed information. Straight linear algebra
_ tells us that such a system of equations has a solutidout
It can be shown on the basis of ray theory that the pertnat solution is not unique; that is to say that further infor-
turbation in travel time of an acoustic pulse can be writtenyation is needed to pick one among the possible solutions.

, 4

2 ; ) .
as The set of possible solutions are those that satisfy the system
A J ds J ds W of equations
T e@ o) EX=p, (5)

whereT" and T’ represent the eigenrays corresponding, rewherex=[E'E] ‘E'y and therefore is the projection ofy
spectively, to the perturbed and background sound-speeshto the column space &. If such additional information is
profilesc(z) andcy(z). The background sound-speed profile not available, the solution of Eq5) is the one that has
Co(2) is considered to be known, for instance, from historicalminimum length. That solution is generally called the mini-
data. For small perturbations of sound spe®{z)=c(z) mum norm solution and is given by the pseudoinverse
—Co(z)<cy(z) one can takd'~T', so the previous equa- P
tion becomes x'=Ey. ©)
ds ds 5c(2) The pseudoinvers&” is efficiently computed through the
Ari=7—1 f ~ J’ singular value decompositibn(SVD) of matrix E, E
r r =USW, which provides a way of dealing with the rank Bf
2) by analysis of the singular spectra, ,o>,...,07, diagonal
where the integral is taken along the unperturbed eigenragntries ofS, and further selection of the significamt in the
I';. The fundamental statement of this relationship is that &8VD. However, such selection can not be done in a unique
first-order perturbation in sound speed leads only to a firstmanner since it generally depends on the particular charac-

@ Jre@  Jr o
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teristics of the problem. And even with the SVD solution wherex! is the inverse solution obtained from E@) and
being a minimum norm solution, nothing guarantees thatalculated with the first singular values. The “real” pertur-
such solution will be close to the searched solution, which idation x is calculated fromsc(z) (which is known in our
to say that minimizind/x”| does not imply the minimization simulated caseaccording to the adopted depth discretiza-
of [|x*—x]. tion. Using the functionaE(i) one can obtain the following

Finally, once the rank of the kernel matrix has beenestimator of the number of independent arrividls
calculated, the minimum norm solution can be written as

x*=V,5 Uy, (7)

where subscript=rank (E), and denotes that matric¥sand
U are formed by their first singular vectors, and matr§ is
square with its firsthighesj singular values along the diag-
onal.

I§I=arg{m_inE(i)}. 9

The minimum ofE(i) does not have to be a minimum in the
conventional sense since solutions wiNl=1 or N=T will
also be admitted. IN=T (which should not be surprisifng
the natural conclusion is that all resolved arrivals are inde-
pendent and therefore they all contribute with independent
IIl. SIMULATION TESTS information to the tomographic inversion. However, Nf
<T (and from ray tracing there is no apparent reason for this

Using the theoretical background presented in the previto be s9, then the unexpected conclusion is that oNlpf T
ous section, travel-time-based tomographic inversiorresolved arrivals are independent, and the remaibrgT
through ray-tracing simulations is tested to determine the&onvey redundant information. Those redundant arrivals will
number of independent arrivals in both deep and shallomot contribute with additional information to the tomogra-
water scenarios. For each scenario a background and a pgghic inversion. It will be shown in the following subsections
turbed sound-speed profil&SH are chosen in order to ob- that in deep water one obtains the “expected” conclusion
tain a negative perturbation of sound speed, which corre¢(N=T), while in shallow water part of the resolved arrivals
sponds to positive perturbations in travel time. For each SSBre redundant, i.eN<T.
a set of eigenrays is calculated and the set of stable eigen-
rays, resolved arrivals, and corresponding perturbations iﬁ" Deep water test
travel time are determined. The kernel matri, is con- The well-known analytical expression for the Munk ve-
structed with the stable eigenrays and then the inverse sollscity profile was used to generate the S$&= left panel of
tion is calculated from its SVD. When dealing with real dataFig. 2). Following the geometry of a real experiménhe
the number of independent eigenrdyéwhich is the same as acoustic source and the receiver depthszarel500 andz,
the number of independent arrivalsan be estimated by us- =1650 m, respectively, the depth of the acoustic waveguide
ing statistical criterid:® Since the test case presented here iss D=4100m, and the distance separating the source and the
fully deterministic, an alternative method for estimating thereceiver isR=270km. The asymmetrg,# z, is intentional.
rank of matrixE is proposed. That method takes advantagen fact, as discussed by Mursk al.? by locating both source
of the structure of the inverse solution based on the SVD o&nd receiver at the same depth one gets symmetric eigenrays,
the kernel matrix, which was discussed in the previous seowith turning points at the same depths. Therefore, those

tion, and introduces the following functional: eigenrays sample the ocean in the same way and constitute a
IXF— X2 preliminary source of redundancy in the kernel matrix, which
E(i)= W, (8)  should be avoided. After eigenray ray tracing for the back-
X

ground and the perturbed SSPs, a set of five RR stable eigen-
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Desp Water Test acoustic source at deptj=90 m, the hydrophone at depth

! ! ! ! z,=115m and rang&k=>5.6 km, and the total depth of the
waveguide beind =135m. As in the deep water test, the
asymmetry z;#z, avoids the redundancy of symmetric
28 . eigenrays with equal turning depths. From ray tracing it can
26l i be found that all eigenrays are of RBR or SRBR tyfese
Fig. 5. The RBR eigenrayfFig. 5@)] are not stablésee left
box of right panel of Fig. #and therefore they can not be

T 1 used in the tomographic inversion. The SRBR eigenrays
2t 1 [Fig. 5(b)] are stable and “clustered” in quadruplets and are,
ek ] therefore, suitable for inversion purpos@ee right box on

right panel of Fig. 4 In general, the clustering of arrivals
depends on the particular characteristics of the waveguide
geometry and associated SSP. For the shallow water environ-
130 1 ment and SSP of this test one can remark that each quadru-
‘ ; i ; L i plet contains the arrival times, ordered according to the

i general sequence,

FIG. 3. Deep water test: Estimation of independent arrivals; the projection (7o 1+ Tams Toms Toms 1) » (10
of the minimum[Eg. (8)] onto the horizontal axis indicates the number of )
independent arrivalsl. where the index of each represents the number of reflec-

tions on the surface or bottom of the corresponding eigenray,

rays and one surface-reflected—bottom-reflect&RBR ~ @ “+” or a “ —" sign indicates whether that eigenray was
stable eigenray were foun@ee right panel of Fig.)2 The launched toward the surface or toward the bottom, respec-
reflected eigenray should be considered in a somehow form&lVely. To calculate the kernel matrix an homogeneous layer
way (in fact this is the only eigenray that spans the entired"id was introduced. Each layer has a thicknass=4m,
water column since in real conditions the amplitude of Which is four times more than the spatial resolution of the
SRBR eigenrays is difficult to detect over the level of envi-discretized sound-speed profile. The depth of every layer in-
ronmental noisé.Using Eq.(8) it can be found thaN=6 terface was coincident with every fourth depth of the dis-
(see Fig. 3. From this result it can be concluded that all the cretized sound speed. To simplify the calculations, additional

resolved arrivals are independent and this is the “expected’nterfaces were added at depths z, andD, which were
conclusion. not included in the homogeneous grid. Thus a total of 36

layers was used to calculate the kernel matrix. The sound
speed for each layer was the average of the discretized sound
speeds contained within the layer. The functioB@) was

The shallow water background SSP for this test correcalculated considering a total of 20 resolved arrivals. How-
sponds to the mean profile from conductivity, temperatureever, its minimum is reached &=4 (see Fig. 6, which
depth (CTD) data used in Jesust al;® a particular profile indicates that only 4 of the 20 resolved arrivals are indepen-
from the same data was considered to be representative dént, while the other 16 are redundant. It should be remarked
the perturbed SSBee left panel of Fig. ¥ The geometry of that this result is in agreement with a statistical estimation of
propagation was taken also from that reference, with theincorrelated paths presented in Jestal® It is clear that

B. Shallow water test

Bakpondand P WPy Background and perturbed trave! times
T — T

T T

I ‘ ‘ o ! FIG. 4. Shallow water test: Back-
. ; groundcy(z) (dotted-dashed lineand
- @BID 0000 - 0006 0000 O 0 00 0o 00 o0 oo perturbedc(z) (continuous ling SSPs
b ! (left); backgroundr, (lower sequende
and 7 (upper sequengetravel times

I
oo oo - bo 0o co 00 00 00 ! . o
" ! Fo00 ool °© eereoy (right), left box indicates unstable ar-
I }i : ! rivals, right box indicates resolved ar-
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FIG. 5. Rays of propagation for un-
stable arrivals(a) and stable arrivals
(b). (For simplicity only the first three
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the result depends deeply on the particular structure of theays contains a “piece” of independent information. In
kernel matrix, which will be discussed in the following sec- mathematical terms this assumption states not only that rank

d‘ §
0

SO

\/0 %\ Y
QO

tion. (E)=4, but also that for a given quadruplgthe correspond-
ing four rows inE are linearly independent, and can be used
IV. DISCUSSION to calculate the four rows of any other quadruplet. However,

within the context of ray theory there is not a clear explana-
Tion to support this assumption. In part this is due to the fact
that, for a generic sound-speed profdg(z), one can not
derive explicit analytic expressions for each re@wof the

The simulation results obtained in the previous sectio
show that the number of independent arriv@sd therefore,
of independent eigenraysan be much lower than the num-

ber of resolved arrivals. It follows from those results that ernel matrix, thus “hiding” any possible dependence be-

there are fundamental physical limitations to the number o .
ween different sets of rows. In general, for a shallow water

independent parameters available for travel-time tomOgraWaveguide, one can expect that most of the SRBR eigenrays

phy. However, the general understanding of the simulation . . L
: e re characterized by steep launching angles and by a signifi-
results still remains incomplete because those results on@

savhow manvof the eigenravs are independent. but they do ant number of reflections on both surface and bottom. As
no¥ saywhichygre the igr]1depeyndent eigeﬂrays ar’1d the re);so%he number of reflections Increases, the_ shape of the SRBR
for being so. Intuitively it seems reasonable to admit thate'gem&“./S tends to be gloser 0 strmg_ht lines. Therefore, for a
each set of eigenrays, corresponding to a particular quadrl\f\-/"’“/e“:]UIde geomgtry like thg one discussed in the shallow
plet, are independent ,and therefore, that each of those eige\ﬁvf”m.ar test, .bUt W'th. an equlvalent_—constant_—sound-speed

' ' ' profile, the isovelocity kernel matrix can provide a reason-

Shalon Water Teet able approximation to the original matrix Moreover, for a
' . ' \ . - ; . constant,, each row ofe can be explicitly calculated, mak-
T | ing it possible to understand which eigenrays are the inde-

ool i pendent ones. Those results can provide fundamental knowl-
edge related to the structure of the original kernel matrix, and
o8 1 thus provide an answer to the questions discussed in the

beginning of this section.
In general, an SRBR eigenray launched to the surface

0.7 B

Fost : i can arrive at the hydrophone after being reflected an odd
number of times th—1, or after being reflected an even
st . number of times &, wherem can take the values 1,2,....

The same kind of reasoning can be applied to an SRBR
eigenray being launched to the bottom. Thus for a fired

there are four types of eigenrays connecting source and re-
ceiver. In the isovelocity case the launching angles of these

04r b

03r -

o2f TR four eigenrays can be derived by inspection and are given by
0 2 4 6 8 10} i2 14 16 18 20
)
FIG. 6. Shallow water test: Estimation of independent arrivals; the projec- (2m—2)D+2z.+z2
tion of the minimum[Eg. (8)] onto the horizontal axis indicates the number tan 9; = s
m—

of independent arrivaldl. R ’
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2mD+z,—z, &m_1=[2MAz2mAz...(2m—S)Az

tand,,,= = ,
11) +z4(2m—1)Az...(2m—-1-R)Az
_ 2mD—zs—z, +z(2m—2)A 2m—2)A
tanGZm_l:—R , Zr( m ) Z( m ) Z],
&m=[2MAz2mAz...(2m—S)Az+z(2m—1)Az...
_ 2mD—z4+2z,
tan02m=T, (2m—1+R)Az—2z2mAz...2mAz],
_ (19
where the convention of the+" or a “ —" sign was al- &m=[2mAz2mAz...(2m+S)Az
ready introduced in the dis_cuss_ion _of the shallpw water test. —7z(2m+1)Az...(2m+1-R)Az
The number of total reflections is given by the index of each
6. There is no practical sense in calculating thefor large +z,2mAz...2mAz],

values ofm because the contribution of a particular eigenray _
to the pressure field decreases as the number of reflections ©m+1=[2MAz2mAz...(2m+S)Az

increases. Furthermore, the arrival times correspond to —z(2m+1)Az...(2m+1+R)Az
R
- _ —z,(2m+2)Az...(2m+2)Az].
= 12 r
Tm T ycoso (12

It follows from the previous set of equations that the rows
For an isovelocity SSP the clustering of arrivals depend®-'~ can be calculated recursively, through the relationship
mainly on the particular values @, z , D, andR. How-

+/— = - /- _
ever, by taking the values used in the shallow water test, and  &m+1~ €&m-1=€m+2~ &m =[2422Az...2A7]. (16)

takjng Co= 1510 m/s, it can _be found_ that the set of four o shown by Eqs(15), every four rowsg corresponding to
arrivals will be ordered again according to the general seg given quadruplet are independent. Furthermore, sinie

quence Eq(10). For the sake of simplicity let us consider 5 common factor to all the components of each @wthe
further that the linear inversion is performed with a sefjof gt Eqs (16) indicates the linear dependence between each
quadruplets, sd =4q. A simple choice of the layer system i of rowse ande . . In this way, the previous analysis of
consists in selecting a homogeneous grid composéday- e jsovelocity kernel matrix indicates not orfipw manyof

ers, each with a thicknessz=D/L. The layer thickness will ¢ eigenrays are independgsince the analysis shows that
be taken sufficiently small to separate the source and thFank(E)=4], but indicates also in detaivhich are the inde-
receiver with at least a single layer, i.e., the layer mdexe*‘bendent eigenrays. For the case of a more generic sound-

will obey the following order: speed profileco(z), as the number of reflections increases,
j=12,.L=1,2,...5,5+1,...R,R+1,.L. (13 one notes that the slope of each SRBR eigen_ray approaches a
constant, given by the slope of the launching angleétan
The indexesS and R correspond to the integer parts of Also significant is that the length of a single eigenray cross-
z;/Az andz /Az, respectively. Furthermore, for the travel- ing a particular layer approaches the rafia/siné. In this
time sequence given by E¢LO) the isovelocity kernel ma- way, the general structure of E¢45) suggests that, for the

trix can be written as shallow water test, each row & can be approximated as
[e] [AsyAsyy--Asy Jich Az Az Az
e2 [AS21A322ASZL]/CS Q%alx Mllc_(z)lMIZC_(Z)ZMILC_gL 1 (17)
2
B 23 B [23312532”'253L];C2 wherea;=(sing) ! and M;; represents the number of times
E=|€|=| [ASuASsy ~Asy] Cg that the eigenray crosses the laygr Through further anal-
& [ASs;Assy - Ass [/Co ogy the set Eqs(15) guarantees that there are at least four
: : different types of row componentsince the layer thickness
L €7} [AstiASty - 'ASTL]/CS is not a common factgrand that guarantees the linear inde-
' . . . pendence of those four roves, corresponding to a particular
am-1XEM-1 quadruplet. The analogy to Eq4.5) allows one to note also
Q;MX %-FM that
@om* Eam Az Az Az
= Wom+1X €Mt 1 : (14 ei4~aiaX| (Miz+2) o (Miz+2) (M. +2) |,
+ + Co1 Co2 CoL
om+1X €M+ 1 18)
- a'2_M+2qfl><ez_M+2q71_ which brings back the linear dependence between each pair

of rows ¢ and e 4. Thus the analysis of the isovelocity
where a;’-:(cg sin 0,;”)‘1, and the index BI—1 repre- kernel matrix, and its analogy to the kernel matrix of the
sents the number of even reflections of the first eigenrayriginal shallow water waveguide, provide a full understand-

within the first quadruplet. The rows,/~ are given by ing of the results of the shallow water test.
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V. CONCLUSIONS presented in this publication. Their detailed remarks con-
cerning some incomplete aspects of the material presented in
the first version of the manuscript undoubtedly guided the

water tomography it is of fundamental importance to deterauthors to develop a fundamental improvement of that mate-

mine the number of independent resolved arrivé®s;with rial.
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On the basis of this analysis the following conclusions
can be drawn(l) in the context of travel-time-based shallow
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